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We study the set of planar vector ﬁelds with a unique singularity of hyperbolic saddle type.
We found conditions to assure that a such vector ﬁeld is topologically equivalent to a linear
saddle. Furthermore, we describe the plane foliations associated to these vector ﬁelds. Such
a foliation can be split in two subfoliations. One without restriction and another one that
is topologically characterized by means of trees.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The relation between the injectivity of a map X : R2 → R2 that deﬁnes a vector ﬁeld on R2 and the existence of a global
attractor has been extensively studied in recent years (see for instance [3,5–12,14–16,21,22]). In this case the Jacobian of
the map is positive. To complete the study of all the vector ﬁelds with a unique hyperbolic singularity one must consider
the case of a saddle equilibrium point (see deﬁnitions in Section 2). Now, the Jacobian of the map is negative. Here we
will consider the set, X1s (R
2), of C1 vector ﬁelds X : (R2, O ) → (R2, O ) that has a hyperbolic saddle on the origin O as the
unique singularity.
One of the basic tools in the paper [13] was the non-existence of pseudo-hyperbolic sectors at inﬁnity. This is also our
departing point. In Section 3, Theorem 3.8, we prove that the non-existence of hyperbolic sectors at inﬁnity implies that X
is a global saddle, i.e. topologically equivalent to the vector ﬁeld L(x, y) = (−x, y). Moreover, in Theorem 3.10, we will see
how the global injectivity of a local diffeomorphism X ∈X1s (R2) is related with the fact of X to be a global saddle.
In Sections 4 and 5 we want to go further and to study possible foliations associated to X ∈X1s (R2). Note that R2 minus
the separatrices of the saddle point consists of four regions homeomorphic to R2. In these regions one has non-singular
foliations, therefore they can be classiﬁed in terms of [17,19,24]. In a similar way as in Section 3, the basic tool is the
non-existence of, what we call in Deﬁnition 5.1 initial pseudo-hyperbolic sectors at inﬁnity. With the help of the theory of
rotated vector ﬁelds, we prove that the set of canonical regions of the foliation can be divided in two domains. The canonical
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C. Gutierrez et al. / Topology and its Applications 159 (2012) 484–491 485regions contained in the domain ﬁlled by the separatrices of the rotated vector ﬁelds are ﬁlled by a sub-foliation that can
be characterized by a tree (Theorem 5.5).
In this paper, we concentrate on the topological description of the dynamics of X ∈X1s (R2). The analytic conditions that
imply one or another type of foliation are not considered here, except the easy condition of Proposition 3.7.
2. Basic deﬁnitions and notations
Before to begin with the results, we will give some deﬁnitions. Throughout this work, we assume that R2 is embedded
in the Riemann Sphere R2 ∪ {∞} and that “inﬁnity” refers to the point ∞ of the compactiﬁcation of R2. This applies also
to subspaces of R2 ∪ {∞} of the form (R2 ∪ {∞})\Dσ , where σ > 0 and Dσ = {z ∈ R2: ‖z‖ σ }. Given a continuous vector
ﬁeld X : R2\Dσ → R2 of the plane, we may extend it to the vector ﬁeld X̂ : ((R2\Dσ )∪ {∞},∞) → (R2, O ) on a domain of
the Riemann Sphere which takes ∞ to O . Notice that X̂ can be discontinuous at ∞.
Given an open subset U of R2, let X(U ) denote the set of differentiable vector ﬁelds X : U ⊂ R2 → R2 such that for
each p ∈ U , there is a unique trajectory of X passing through p. If X ∈X(U ), Div (X) : U → R stands for the function which
at each p ∈ U takes the value Trace (Dp X).
Let X : U ⊂ R2 → R2 be a continuous vector ﬁeld deﬁned on an open set U ⊂ R2. We say that a C1 curve γp : I → U
is a solution of the vector ﬁeld X passing through p if γp(0) = p and γ ′p(t) = X(γp(t)), for all t ∈ I , where I ⊂ R is an interval
containing zero. By Peano’s Existence Theorem, through each p ∈ U , there exists a solution γp : J (γp) → U deﬁned on some
open maximal interval J (γp) which depends on both the solution γp and on the starting point p. For the sake of simplicity,
we identify the solution γp with its range which we refer to as a trajectory of X passing through p deﬁned on J (γp). Likewise,
γ +p (resp. γ −p ) will denote the positive (resp. negative) semi-trajectory of X contained in γp and starting at p. Accordingly,
γp = γ −p ∪ γ +p . Given a positive (resp. negative) semi-trajectory γ +p (resp. γ −p ), we denote by ω(γ +p ) (resp. α(γ −p )) its
ω-limit set (resp. α-limit set).
We say that p ∈ U is a singularity or equilibrium point (resp. a regular point) of X if X(p) = O (resp. X(p) 
= O ). A tra-
jectory γ is said to be periodic if it is deﬁned on R and there exits τ > 0 such that γ (t + τ ) = γ (t) for all t ∈ R. If U is
simply connected then it follows by index theory that every periodic trajectory of X bounds a compact region that contains
a singularity.
We will say that an equilibrium point p is hyperbolic if the eigenvalues λ1 and λ2 of the derivative DX(p) have not null
real part. In the case of a planar vector ﬁeld, p is a saddle if λ1λ2 < 0, and a stable (resp. unstable) separatrix of p is a
solution γ with ω(γ ) = O (resp. α(γ ) = O ).
3. Vector ﬁelds with a unique singularity of hyperbolic saddle type
Let X ∈X1s (R2), since X has no others singularities that the saddle one, by Poincaré–Bendixon Theorem [23], this vector
ﬁeld does not have closed solutions and cannot coincide a stable with an unstable separatrix. Moreover, ω(γ ) = α(γ ) = ∅
for each trajectory γ of X , except for the singularity and its separatrices.
In this way, we can order the four saddle separatrices s0, s1, s2 and s3, according to the increasing sense of the angle
of their tangent at O with the positive x-axis. We will call Wi the open region of R2 bounded by si , s j and O , where
j = (i + 1) mod 4, and does not contain other separatrix of O . Note that each of the four regions Wi , for i = 0,1,2,3, are
homeomorphic to R2. The notation F(Wi) will be used for the regular foliation of Wi deﬁned by X .
3.1. Foliations of Wi
Now, we focus on the foliation F(Wi) of the region Wi , for each i = 0,1,2,3. Since Wi is homeomorphic to the plane
and F(Wi) is non-singular, we can make use of the complete classiﬁcation of foliations of R2 up to topological equivalency
carried out by Kaplan in [17] and Markus in [19], which is well described by Wang [24]. In fact, a foliated manifold can be
decomposed in components in which the leaves have a homogeneous behavior. For plane foliations such components are
provided by canonical regions bounded by separatrices. In the next paragraphs we give the deﬁnitions of such components
and its Kaplan’s classiﬁcation. For this we will use the 2-disk D2 as topological model of the plane.
Given a regular C0-foliation F(D2), two leaves L1, L2 ∈F(D2) bound a unique region on D2. Now deﬁne a topology on
the leaf space D2/F by decreeing that the leaves ﬁlling up the region bounded by two leaves is a basis element for this
topology. Let S0 be the set of leaves which are not closed in this topology. A leaf L contained in the closure of S0 is called
a separatrix of F(D2). A connected component of the complement of the closure of S0 in D2 is called a canonical region
of F(D2).
The ﬁve types of canonical regions that compose a foliation of the plane are sketched in Fig. 1, where the lines in bold
represent their separatrices. From now on, we will distinguish separatrices of canonical regions from separatrices of the
(saddle) singularity of X calling them saddle separatrices.
Now, we will introduce some useful deﬁnitions to the particular case of vector ﬁelds in X1s (R
2).
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Fig. 2. Examples of F(Wi).
Deﬁnition 3.1. Let X be a vector ﬁeld in X1s (R
2), we say that a canonical region is the initial canonical region of Wi if its
closure contains the singularity O . For such region, we call si ∪ s j ∪ O , with j = (i + 1) mod 4, its initial separatrix.
Obviously, si ∪ s j ∪ O 
⊂ Wi , but we call it initial separatrix to simplify the following recurrent deﬁnition.
Deﬁnition 3.2. We say that the initial canonical region of Wi is of level 1. A canonical region of Wi is called of level 2 if
it has a separatrix in common with the initial canonical region. Inductively, a canonical region of Wi is of level n if it has
a separatrix in common with a canonical region of level n − 1. The initial separatrix of a canonical region of level n, is its
separatrix in common with the canonical region of level n − 1.
In the next picture we illustrate two foliations on Wi associated to possible vector ﬁelds in X1s (R
2), where there are
canonical regions of levels 2, 3 and 4 apart from the initial canonical regions. On the left, the initial canonical region is of
type (II), there are two canonical regions of level 2 that are of type (III) and (IV), the canonical regions bounded by only
one separatrix are of type (I) and there are not any canonical region of type (V).
Remark 3.3. The set of canonical regions always has a structure of tree. To describe the foliation one needs additional
information about the types of canonical regions. For instance, the two foliations of Fig. 2 has the same associated tree,
but obviously they are not equivalent. The distinguished tree deﬁned by Wang [24] give this additional information. See
also [18].
Example 3.4. Consider the vector ﬁelds X1(x, y) = (x− x2 y(x− y),−y − xy2(x− y)) and X2(x, y) = (x− x2 y(x− y)(2y − x),
−y − 1.1xy2(x− y)(2y − x)) which are clearly in X1s (R2). Using the program P4 [2], we obtain non-trivial foliations on Wi ,
for some i ∈ {0, . . . ,3}, deﬁned by X1 and X2 and represented in Fig. 3.
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Fig. 4. Pseudo-hyperbolic sector at inﬁnity.
In the next subsection we impose hypotheses in X ∈ X1s (R2) that will assure that the foliations Wi are trivial, for all
i = 0,1,2,3.
3.2. Global saddles
Given a vector ﬁeld X = ( f , g), let X∗ = (−g, f ) be the orthogonal vector ﬁeld to X . The same notation as that for in-
tervals of R will be used for oriented arcs of trajectory [p,q], [p,q), . . . (resp. [p,q]∗, [p,q)∗, . . .) of X (resp. X∗), connecting
the points p and q. The orientation of these arcs is that induced by X (resp. X∗).
Deﬁnition 3.5 (Pseudo-hyperbolic sector at inﬁnity). Let X ∈ X(R2\Dσ ) and S = S(p1, p2;q1,q2, {σi}) ⊂ R2\Dσ be the un-
bounded region whose boundary ∂ S is made up of two unbounded semi-trajectories [q1,∞) and (∞,q2] of X , a compact
arc of trajectory [p1, p2] of X , two arcs of trajectory [p1,q1]∗, [p2,q2]∗ of X∗ , and a set at most countable (which may
be empty) of pairwise disjoint trajectories σ1, σ2, . . . , σn, . . . that start and end at ∞ (see Fig. 4). We call such a region a
pseudo-hyperbolic sector of X at inﬁnity if the following conditions are satisﬁed:




z∈[p1,q1)[z,π(z)] = S .
Let us call the unbounded part of ∂ S the set
∂+S = [q1,∞) ∪ (∞,q2] ∪
∞⋃
i=1
σi ⊂ ∂ S.
Remark 3.6. The reader can observe Fig. 1 to conclude that if the plane foliation induced by the orbits of a vector ﬁeld
X ∈ X(R2), without singularities, has a canonical region of type (II), (III) or (IV), then X has a pseudo-hyperbolic sector at
inﬁnity.
The proof of the following result can be found in [1, Proposition 2.2]. We are using the same notion of Lebesgue integra-
bility introduced on [1].
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{∥∥X(p)∥∥; ‖p‖ = s}ds = ∞.
Then X has no pseudo-hyperbolic sectors at ∞.
One of the main results of the paper is the next theorem.
Theorem 3.8. Let X ∈ X1s (R2) be a vector ﬁeld satisfying the conditions 1) and 2) of Proposition 3.7, for some σ > 0. Then X is a
global saddle, that is topologically equivalent to the vector ﬁeld L(x, y) = (−x, y).
Proof. Notice that by Neumann’s work [20], it is enough to show the triviality of the foliations F(Wi), for all i = 0, . . . ,3.
By Proposition 3.7, there is no pseudo-hyperbolic sectors at inﬁnity. This fact and Remark 3.6 imply that the canonical
regions of F(Wi) cannot be of types (II)–(IV), or equivalently, this foliation is a combination of canonical regions (I) and (V).
But if there is a canonical region of type (V), one of the adjacent canonical region would be necessarily of type (II), (III)
or (IV), which cannot happen. Therefore F(Wi) is trivial. 
In the case that the vector ﬁeld X ∈X1s (R2) is a local diffeomorphism, we can replace the hypothesis 2) of Theorem 3.8
by a hypothesis on the set of eigenvalues of the derivative DX(p) when p varies in R2, this set is denoted here by Spec(X).
To do this we use the following result given in [5].
Theorem 3.9. A differentiable map X of R2 is injective if for some 
 > 0
Spec(X) ∩ [0, 
) = ∅ or Spec(X) ∩ (−
,0] = ∅.
So we have the following result.
Theorem 3.10. Let X : R2 → R2 be a C1 vector ﬁeld with a hyperbolic saddle singularity at O . If Div(X) is Lebesgue integrable and
Spec(X) ∩ [0, 
) = ∅ or Spec(X) ∩ (−
,0] = ∅, for some 
 > 0, then X is a global saddle.
Proof. Since, by Theorem 3.9, X is injective we may conclude that X(O ) = O is its unique singularity and X ∈ X1s (R2).
Furthermore, X : R2 → X(R2)  O is a diffeomorphism (into its image) and it sends the border of a domain on the border




{∥∥X(p)∥∥; ‖p‖ = s}ds
∞∫
r
ρ ds = ∞.
Therefore, by Theorem 3.8, we have that X is topologically equivalent to the vector ﬁeld L(x, y) = (−x, y). 
4. Rotated vector ﬁelds
Given X ∈X(R2), let F (θ) = {Xθ ; θ ∈ I}, where I := [0,π ], be the family of rotated vector ﬁelds deﬁned by
Xθ = ( f cos θ − g sin θ, f sin θ + g cos θ). (1)
The concept of family of rotated vector ﬁelds was introduced by Duff [4] in a more general context. Our concept is a
particular case of, what Duff called, a complete family of rotated vector ﬁelds. By deﬁnition, in such families the singular
points of the vector ﬁelds Xθ remain ﬁxed as θ varies and Duff proves that hyperbolic saddles are persistent under rotations.
The next result gives us some important properties of the family F (θ) when X ∈X1s (R2).
Lemma 4.1. Let X ∈X1s (R2) and F (θ) = {Xθ ; θ ∈ I} be the family of rotated vector ﬁelds deﬁned in (1). Then the following statements
hold:
1) for each θ ∈ I , the orbits of Xθ intersect orbits of X at most once;
2) for each θ ∈ I , the saddle separatrices of Xθ do not intersect any saddle separatrix of X .
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Proof. To prove 1), observe that ﬁxed θ ∈ I the angle between Xθ and X is always equal to θ in R2 \{O } and the trajectories
of Xθ intersect the trajectories of X transversally.
Now, by contradiction, suppose that there are solutions γθ and γ of Xθ and X , respectively, which intersect in several
successive points p1, p2, p3, . . . ∈ γθ ∩γ . Denote by [p1, p2]θ and [p1, p2] the arcs of the trajectories γθ and γ , respectively,
and K the compact region bounded by the union of these arcs. Since the orbits of Xθ always intersect [p1, p2] with the
same angle θ , for each point p ∈ [p1, p2] there is only one orbit γθ (p) of Xθ , passing through p, which comes into K .
Therefore K is positively invariant and do not contains the origin. This will imply the existence of another singularity of Xθ .
This contradiction proves 1).
The item 2) follows immediately from item 1). In fact, if a separatrix lθ of Xθ intersects some separatrix si of X then
there is a compact region bounded by the origin and the adjacent segments of lθ and si . Since Xθ does not have others
singularities, each trajectory of Xθ that comes into such compact region has to leave it, and therefore this trajectory will
intersect twice the orbit si of X , contradicting the item 1). 
Let Li be the connected domain on Wi ﬁlled by the family {lθ ; θ ∈ I˚}, where lθ is the separatrix of the rotated vector
ﬁeld Xθ such that lπ = si . We will denote by Gi the union of all canonical regions of F(Wi) contained on Li . This splits
each foliation F(Wi) in two sub-foliations: the foliation F(Gi) on Gi and the foliation on Wi \ Gi .
5. An invariant forF(Gi)
Given X ∈ X1s (R2), in Theorems 3.8 and 3.10 we established suﬃcient conditions to the foliation F(Wi) be trivial for
each i = 0, . . . ,3. In this section we will give some descriptions about these foliations in the general case. In the previous
section we saw that F(Wi) can be split in two sub-foliations: one, denoted by F(Gi), is formed by all canonical regions
covered by the family of separatrices Li and its complementary, which has no restrictions. In the following we use the
concept of initial pseudo-hyperbolic sector at ∞ to characterize the canonical regions on F(Gi).
Deﬁnition 5.1 (Initial pseudo-hyperbolic sector at inﬁnity). Let X ∈X1s (R2). A pseudo-hyperbolic sector S at inﬁnity of X , as in
Deﬁnition 3.5, is called initial if one of the unbounded semi-trajectories [q1,∞) or (∞,q2] of X is contained in an initial
separatrix of the canonical region that contains S . See Fig. 5.





Remark 5.2. In Fig. 2 on the left there are three initial pseudo-hyperbolic sectors at inﬁnity and on the right there is no
such sectors.
In the proof of the next lemma we follow the notation of Deﬁnition 5.1 and Fig. 5.
Lemma 5.3. If X ∈X1s (R2), then a canonical region contained on Gi , i = 0, . . . ,3, has no initial pseudo-hyperbolic sectors at inﬁnity.
Proof. Suppose, by contradiction, that S is an initial pseudo-hyperbolic sector at inﬁnity contained on a canonical region C
on Gi , for some i ∈ {0,1,2,3}. Without lost of generality, consider that (∞,q1] is the semi-trajectory contained in the initial
separatrix of C .
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Fig. 7. Tree of F(Gi).
Take an arbitrary point q ∈ [q2,∞). Since C ⊂ Gi , there exists a θ ∈ (0,π) such that q ∈ lθ , where lθ is a saddle separatrix
of the rotated vector ﬁeld Xθ . We will denote by lθ (t) the solution of Xθ such that lθ (0) = q, and also assume that it is a
stable saddle separatrix of Xθ .
We claim that lθ intersects twice some orbit of X . Notice that this claim proves the lemma, because it contradicts the
item 1) of Lemma 4.1.
To prove the claim, we note that, for a big enough t > 0, necessarily the solution lθ (t) comes into the initial pseudo-
hyperbolic region Sh associated to S . Therefore, there is a point p¯ ∈ [p2,q2]∗ such that for each p ∈ [p¯,q2]∗ there will exist
a t ∈ R such that lθ (t) ∩ γp 
= ∅, where γp is the orbit of X passing through the point p. Furthermore, since lθ (t) → O
when t → ∞ we have that lθ (t) needs to exit Sh and this implies that lθ (t) will intersect again all orbits γp of X , with
p ∈ [p¯,q2]∗ , i.e. lθ (t) intersects these orbits twice. 
By Lemma 5.3 and the classiﬁcation of canonical regions on plane foliations, we may conclude that for the sub-foliation
F(Gi) the canonical regions are of type (I), (III) or (IV), with the restriction that adjacent to the initial separatrix we have
two parabolic sectors at inﬁnity (see Fig. 6). We will denote the canonical regions (III) and (IV) satisfying this restriction
respectively by (III) and (IV).
Corollary 5.4. Given X ∈X1s (R2), a canonical region on Gi , i = 0, . . . ,3, is of type (I), (III) or (IV).
Notice that a canonical region of type (I) of the sub-foliation F(Gi) can be a canonical region of type (V) considering the
foliation F(Wi) on all Wi .
Therefore, a canonical region not of type (I) on Gi has one initial separatrix and at least two more separatrices and the
global picture of F(Gi) when it is not trivial is a set of nested canonical regions of type (III) or (IV) that ends with canonical
regions of type (I). Such structure is described in the next theorem by means of a tree. We stress that the foliation F(Gi)
can be characterized following [17,20] or [24]. Nevertheless, we give a direct invariant which is simpler than the invariant
of the general case, since we do not need to distinguish the tree (see Remark 3.3). In fact it follows by the non-existence of
initial pseudo-hyperbolic sectors at inﬁnity in the canonical regions contained on Gi .
Theorem 5.5. Given X ∈X1s (R2), to each foliation F(Gi), i ∈ {0, . . . ,3}, we can associate a directed tree such that the ordered set of
these trees is a complete invariant of the system restricted to this region (up to topological equivalence). Each of the four directed trees
veriﬁes:
1) has a unique ﬁxed source;
2) the outdegree of a vertex is not 1.
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represents a common separatrix of the respective canonical regions. We direct each tree in such a way that the vertex
corresponding to the initial canonical region is the source of the tree (see Fig. 7). If a canonical region is trivial its vertex
has outdegree equal 0. For a non-trivial canonical region, by Corollary 5.4, there are at least two edges beginning at its
vertex. 
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